SYMMETRY CLASSES OF TENSORS ASSOCIATED WITH
PRINCIPAL INDECOMPOSABLE CHARACTERS
AND OSIMA IDEMPOTENTS

RANDALL R. HOLMES AVANTHA KODITHUWAKKU

ABSTRACT. Two types of symmetry classes of tensors are studied. The
first is the symmetry class associated with a principle indecomposable
character of the dihedral group. The second is the symmetry class as-
sociated with the Osima idempotent corresponding to a p-block of the
dihedral group. In each case necessary and sufficient conditions are given
for the existence of an orthogonal basis consisting of standard (decom-
posable) symmetrized tensors.

0. INTRODUCTION

The usual notion of symmetry class of tensors involves an ordinary irre-
ducible character x of a subgroup G of a symmetric group S,,. By definition
this symmetry class V), is the product s, V™, where s, is the central idem-
potent of the group algebra CG corresponding to the conjugate character
X and V is a finite-dimensional vector space over the field C of complex
numbers.

One can replace s, by any element s of CG to get a new notion of sym-
metry class of tensors. Modular representation theory of the group G, which
requires the choice of a prime number p, provides three natural choices for
such an s: (1) s, with ¢ an irreducible Brauer character of G, (2) s¢ with ®
a principal indecomposable character of G, and (3) the Osima idempotent
sp corresponding to a p-block B of G. Each of these choices results in a
symmetry class of tensors that generalizes the usual notion in the sense that,
if p does not divide the order of GG, then the symmetry class is the same as
that corresponding to an ordinary irreducible character of G (see Remark
2.2).

The first of these three generalizations is the focus of | |. In that
paper necessary and sufficient conditions are given under which the symme-
try class of tensors associated with an irreducible Brauer character of the
dihedral group D, (viewed as a subgroup of S,,) is guaranteed to have an
orthogonal basis consisting of standard (decomposable) symmetrized tensors
— a so-called “o-basis.”
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In this paper we take up the two remaining generalizations, namely, the
symmetry class of tensors associated with a principle indecomposable char-
acter of G and the symmetry class of tensors associated with the Osima
idempotent corresponding to a p-block of G. Taking G to be the dihedral
group again we give necessary and sufficient conditions for the existence of
an o-basis in each case.

Results about o-bases of symmetry classes of tensors can be found in
[ , , , , , , . Symmetry classes
of tensors associated with modular characters (i.e., characters having values
in a field of prime characteristic) were studied in [ ].

1. CHARACTER THEORY

Let G be a finite group and fix a prime number p. An element of G is p-
reqular if its order is not divisible by p. Denote by G the set of all p-regular
elements of G. Let IBr(G) denote the set of irreducible Brauer characters of
G. (A Brauer character is a certain function from G to C associated with
an F'G-module where F is a suitably chosen field of characteristic p. The
Brauer character is irreducible if the associated module is simple. For the
theory of Brauer characters, see [ , , ) 1)

Let Irr(G) denote the set of irreducible characters of G. (Unless preceded
by the word “Brauer,” the word “character” always refers to an ordinary
character.) If the order of G is not divisible by p, then G = G and IBr(G) =
Irr(G).

For a character y of G denote by ¥ : G — C the restriction of x to G.
For each x € Irr(G) we have

X = Z d<px30

p€lBr
for some nonnegative integers d.,, called the decomposition numbers of G
with respect to the prime number p.

Corresponding to each ¢ € IBr(G) is a principal indecomposable char-
acter &, : G — C. (This is a character of G having the property that its
restriction <i><p to G is the Brauer character corresponding to the projective
cover of the simple F'G-module corresponding to ¢.)

1.1 Theorem. | , IV, 2.5, 3.1] For every ¢ € IBr(G),
(i) ®y(g) =0 for all g € G\G,
(i) Py = > cre(q) dox X, where the dg, are the decomposition numbers
of G with respect to the prime number p.

If p does not divide |G|, then the matrix [d,,] is the identity matrix and
¢, = ¢ for each ¢ € IBr(G) (= Irr(G)).

The Brauer graph of G (with respect to the prime number p) is the graph
with vertex set Irr(G) and with an edge joining the vertices x and v if and
only if there exists ¢ € IBr(G) such that d,, and d,, are both nonzero.
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A p-block of G is a subset B of Irr(G) U IBr(G) with the following prop-
erties | , 15.17, 15.27]:

(i) BNIrr(G) is a connected component of the Brauer graph of G,
(ii) BNIBr(G) = {¢ € IBr(G) | dyy # 0 for some x € BN Irr(G)}.

The set BI(G) of p-blocks of G is a partition of the set Irr(G) U IBr(G).
If p does not divide |G|, then each p-block of G is a singleton {x} with
x € Irr(G).

Let B € BI(G). The Osima idempotent corresponding to B is the element
sp of the group algebra CG given by

sB:g,z S xex@)g

g€G xeBNIrr(G)

or, equivalently,

55 = |61¥| S Y a.e)

geG pEBNIBr(G)

where e is the identity element of G and bar denotes conjugation | ,
15.21, 15.26, 15.30]. It follows from the second expression that the sum over
g € G in the first expression can be replaced by the sum over g € G. The
elements sp with B € BI(G) are pairwise orthogonal central idempotents
of the algebra CG and they sum to 1. That is to say, for B, B’ € Bl(G)
we have spsp = dpp (Kronecker delta), ZBeBl(G) sg = 1, and each sp
commutes with every element of CG.

2. SYMMETRY CLASSES OF TENSORS

Fix positive integers m and n and put I'y, ,, = {y € Z™ |1 < v; < n}. Fix
a subgroup G of the symmetric group S, of degree m. A right action of G
on the set Ty, is given by v0 = (Y1), -+, Yo(m)) (¥ € Fmm,0 € G). For
v € T'pmn put Gy = {o € G|~vo = v}, the stabilizer of ~.

Let V' be a complex inner product space of dimension n and let {e; |1 <
i < n} be an orthonormal basis for V. The inner product on V' induces an
inner product on V®™ (the mth tensor power of V) and, with respect to
this inner product, the set {e |y € I'y, ,} is an orthonormal basis for V&™,
where e, = ey, @ - - ®e,,,.

The space V™ is a left CG-module with action given by e, = o1
(0 € G,y € T'yup), extended linearly. The inner product on V™ is G-
invariant, which is to say (ov,ocw) = (v,w) for all ¢ € G and all v, w € V™,

Let s € CG. We have s = EUGG aso for some a, € C. For v € I',, ,, the
standard (or decomposable) symmetrized tensor corresponding to s and -y is

given by
s __ —
ey = Sey = E Ag€ryo—1.
ceG
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The symmetry class of tensors associated with s is

V, = sV&" = (e [v € Tmn)-
The orbital subspace of Vy corresponding to v € I'y, , is

V=5V, =(e,|o€qG),
where V,, = (40 | 0 € G).

An o- basz's of a subspace W of V; is an orthogonal basis of W of the
form {e3 ,e5,,... e} for some 7; € I'y, n. By convention, the empty set is
regarded as an o-basis of the zero subspace of V.

Let A = Ag be a set of representatives of the orbits of I',,, under the
action of G.

2.1 Theorem. | , 1.1] For every s € CG,

Vs = z:‘&;g (orthogonal direct sum).
yEA

In particular, Vs has an o-basis if and only if Vj has an o-basis for each
v e A.

Let S be a subset of G containing the identity permutation 1 and let
¢ S — C be a function. (For instance, ¢ could be a character of G, in
which case S = G, or ¢ could be a Brauer character of G, in which case
S =G.) Put

5, = |S| ng Jo € CG.

oc€eS

Let v € I'y, . We write ef,"’, Vs, and Vf"’ more simply as €%, Ve, and vy,
respectively. Similarly, for B € BI(G) we write e3?, Vi, and V2 more

SB»
simply as 65 , Vg, and VWB, respectively.

2.2 Remark. Let ¢ € IBr(G) and let B be the p-block of G containing ¢.
Each of the symmetry classes of tensors V,,, Vg, and Vg can be regarded
as a generalization of the classical symmetry class V) associated with an
ordinary irreducible character x of G. Indeed, if p does not divide |G|, then
¢ is an ordinary irreducible character and we have ®, = ¢ and B = {¢},
so these three symmetry classes reduce to the classical one. (In this case
sp = sz so Vp = Viz. The conjugation here could be avoided by replacing
¢(c) by ¢(o) in the definition of the symmetrizer s,. This would be more
natural since then s, would be the central idempotent of CG corresponding
to the character ¢, but in the literature the symmetrizer s, is usually defined
as above.)
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2.3 Theorem. | , 6.6] We have

Z Vi (orthogonal direct sum).

X€Irr(G)
This theorem fails to hold if Irr(G) is replaced by IBr(G) [ , Example
2.5,
Fix a character ¢ of G. We have ¢ = 22:1 m;x; with the m; positive
integers and with x1,...,x: distinct irreducible characters of G, called the

irreducible constituents of .

2.4 Theorem. Let v be as above. For every v € I'y,,, and o € G,

m2

(6%7 ey) = |G| Z s le T0)

Proof. First,
t

_ (1) _ @) »
Sep = W Z ¢(T)T - W Z Zszz(T)T

TeG T€G i=1
~_mi_ xi(l) ~ m
= (1)) —= =t Y ()T =9(1) ) —sy
250 (6] 2 2 ()
Therefore
t ot
mim,;
(€45, €%) = (sy€r0, Spes) )? ZZ : ] 6%%»6%
=1 j= 1
t m t 2
2 Xi Xz — )
€351 € Xi(To)
oY e = T Do 12(3 |
where the third equality uses that Vy, is orthogonal to V), for i # j (Theorem
2.3) and the last equality is from [ , p- 339]. O
2.5 Theorem. | , 1.6] Let ¢ be as above. For every y € Iy, p,

¢
dim V¥ =) " dim V¥,
i=1
The summands in the preceding theorem are given by the following well-
known formula due to Freese.

2.6 Theorem. | , D- 339] For every x € Irr(G) and v € Ty,

dim V¥ = 5 3 x(e) = x()x. Ve
o€Gy
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3. THE DIHEDRAL GROUP
Assume that m > 3 and define r, s € S,,, by
(1 2 3 -+ m—-1 m (1 2 3 -+ m-1 m
234 o om 1) "0 mom-1 ... 3 2)
Then G = D,, = (r,s) is the dihedral group of degree m. The elements r
and s satisfy the relations r™ = 1, s> = 1, and sr¥s = r=% for all k. It

follows that G' = {r* sr*|0 < k < m}. The order of G is 2m and the cyclic
subgroup C of G generated by r has order m.

The ordinary irreducible characters of G are | , pp- 37-38]

rk srk
() 1 1
(5! 1 -1
3 (—1)F (=1  (m even)
Py (—1)k (=D 1 (m even)

27k
Xi|2ecos ==L 0 (1<j<m/2)
m
TABLE 1.

Let p be a fixed prime number. We have m = p?¢ for a nonnegative
integer ¢ and a positive integer £ not divisible by p. Define
4, leven, p# 2,
e=1<2, lodd,p+#2,
1, p=2.
For each 1 <i<eand 1< j</¢/2put

oi =vi,  9F =%
3.1 Theorem | , 2.1]. The complete list of irreducible Brauer charac-
ters of G is o; (1 <i<e), o7 (1<j<{/2). a
(The superscript in the notation corresponds to the degree of the Brauer
character.)

Put J ={j € Z|1 <j <m/2} and note that {x;|j € J} is the set of
degree two irreducible characters of G. For i € Z put

Ji=J N {kl+ilkeZ).

3.2 Theorem. The sets J;, 0 < i < {/2, form a partition of the set J.
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Proof. Put U = Ufi 20 J;. From the definition of J; we have U C J. Let
j € J. By the division algorithm there exist integers k and ¢ with 0 <t < ¢
such that j =kl +t. If t < {¢/2, then j € J, CU. If t > £/2, then putting
i=0—twehave 0 <i</{/2and j=kli+({—i)=(k+1){—i€e J CU.
Therefore, J = U.

Next we check that the sets J; are pairwise disjoint. Let 0 < i < i < /¢/2
and let j € J;NJy. Then kf &1 = j = k'¢ 4’ for some integers k and k. If
both signs are plus, we get (k— k)¢ =14 —i, 5800 < (k— k)¢ < £/2 implying
0 < k—k <1/2, whence ¥/ = k and ¢/ = i. If both signs are minus, a
similar argument again yields ¢/ = i. Now suppose kf + 1 = k'¢ — i'. Then
i+ = (K —k),s00< (K —k)l </ implying i + 4" is 0 or £. The first
case yields i/ = 0 = 4; the latter yields i = ¢/2 = i. The remaining case
kl —i =K'l + 14 is handled similarly. O

The decomposition numbers dy, of G' can be read off from the equations
in the following theorem.

3.3 Theorem.
(i) For 1 <i<m,

b = .
el ifp#£2,

where 1 is 2 or 4 according as m is odd or even.
(ii) For 1 < j < m/2 we have j € J; for a unique 0 <1i < /2 and

21 fp=2
A )
~ 901—*—9027 pr#2a

7, if0<i<t)2

03 + 0, ifi=10/2.

7 {@%7 pr:27

Xj =

Moreover, for each 0 < ¢ < /2 and j € J; the character x; is as
indicated.

Proof. (i) If p # 2 the claim follows from the definition of p}. Assume p = 2.
For each 1 < i <7 the character 1); is linear (i.e., of degree one) so that Vi
is linear as well. Since ¢} is the only linear Brauer character of G in this
case the claim follows.

(ii) The sets J;, 0 < ¢ < /2, form a partition of the set J = {j €
Z|1 < j < m/2} (Theorem 3.2), so it suffices to prove the last sentence.
Let 0 <i</¢/2 and let j € J;. It follows from Table 1 that in all cases both
sides of the equation vanish on G\C' = G\C (this set being empty when
p = 2), so it suffices to show that both sides agree on C' = (r"). We have
J = kf i for some integer k. Using the cosine sum and difference formulas
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we get for each integer ¢

2mpl +14
%3 (") = 2 cos (wpt(kﬂz))
m
2mpits 2mpiti
= 2 cos(2ntk) cos < P Z> F sin(27tk) sin ( P Z)
m m

( 27piti >
= 2cos
m

2, if i =0,
= P2(rP"Y), if0<i< ()2,

2(=1)P" if i = (/2.
(For the case i = £/2 we have used the fact that ¢ is even so that p is not 2
and is therefore odd.) Therefore, both sides of the equation agree on C' and
the proof is complete. O

We write (I>{ for the principal indecomposable character ®,, corresponding

to the irreducible Brauer character ¢ = ).

3.4 Theorem.
(i) If p =2, then

n
i=) ¥i+2) X
Jj=1 j€Jo
and if p # 2, then
Vit ienXis =12
Vi + Zje]wz Xj, 1=3,4 (m even),
where 1 is 2 or 4 according as m is odd or even.

(ii) For each 1 <1i < {/2,
o= x5

JE€Ji

ol =

7

Proof. According to Theorem 1.1, for ¢ € IBr(G) the multiplicity of an
irreducible character x of G as a summand of ®, is the decomposition
number dy,, which is the same as the multiplicity of ¢ as a summand of x.

Assume that p = 2. By Theorem 3.3, we see that @1 appears with multi-
plicity 1 in each of the characters ;, 1 < i < 7, it appears with multiplicity
2 in each of the characters x;, j € Jo, and it does not appear in any of the
other restricted irreducible characters. Therefore, by the preceding para-
graph the decomposition of ®1 is as stated in (i).

The rest of the formulas are verified in a similar fashion. O

3.5 Theorem.
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(i) For1 <i <e the space Vg1 has an o-basis if and only if at least one
of the following holds: '
(a) dimV =1,
(b) p=2,
(c) m is not divisible by p.
(ii) For 1 < i < £/2 the space Vg2 has an o-basis if and only if either
dimV =1 or ¢ =0 mod 4, where (' = 0/ ged(£,1).

Proof. (i) Fix 1 <i<e.

If dimV =1, then V(I)Z; = <e$’1>, where v = (1,1,...,1), so Vq,} has o-basis
{e$ 11} or () according as dim Vg1 is 1 or 0.

Assume p = 2 so that ¢ = 1. In this case, G equals (rpq>, a subgroup of
G. Let X be the trivial character of G. By Theorem 3.3 we have 1[11 = i
for all 1 < i < n, and §; = 2 for all j € Jy. Since ] = Py = At
follows from Theorem 3.4 that sg1 is a nonzero scalar multiple of sx. In
particular, Vq)% = V). Now each orbital subspace VV)‘ has dimension at most
one (Theorem 2.6) and therefore has an o-basis. By Theorem 2.1, V) has an
o-basis and therefore Vg1 does as well.

Assume that m is not divisible by p. If p = 2, then V‘I’} has an o-basis as
we have just seen, so assume that p # 2. Then G = G and hence ! =1¢);. In
particular, Vq)ll = Vy,. Since 1); is of degree one, each orbital subspace VA,%'
has dimension at most one and hence Vg1 has an o-basis by an argument
similar to that in the preceding paragraphi

Now assume that none of the three conditions stated in the theorem holds.
Let v = (1,2,...,2), which is in Iy, ,, since n = dimV > 2. Note that
Gy ={1,s}.

1 1

Claim: (e$§, e;bi) # 0 for every 0 € G. Let 0 € G. Since G = CUsC and

s € Gy we may assume that o € C. Put

oo o ifie {12},
O Jeges ifi€ 3,4}

(If + € {3,4}, then m is even and, since p # 2, it follows that ¢ is even as
well so that Jy/, is defined.) By Theorems 2.4 and 3.4 we get

(3.5.1) c(e%, e;bll) = Z (21/%(7'0) + Z Xj(TO’)),

TEG, JET;

where ¢ = 2|G|/®}(1)?. And then using Theorem 3.4 again we get

(3.5.2) (s, ey =3 (%(TUH@%(TU))-

TeG,
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Assume that o ¢ G. From Equation (3.5.2) and the fact that principal
indecomposable characters vanish on G \ G (Theorem 1.1), we get

1

cedh, e5t) = (i + BL)(0) + (s + ®L)(s0)
= vi(0) + (20 + Y _ x5)(50) = 1i(0) + 2¢i(s0) #0,

JET;
where we have used that g€ C and Table 1.
Now assume that o € G (with the assumption o € C still in force). For

j € T;, Theorem 3.3 gives

o ¢1(0)+¢2(O’)) (&S {172}a

xj(o) = .
w3(o) + Y4(0), i€ {3,4},
= 211)@(0)7

the second equality from Table 1 and again the fact that o € C. Also, from
Table 1 we have wi(sa) = (=1)"14;(0). So Equation (3.5.1) gives

c(ew, ey = (2¢; + Z xj) (o) + (2¢i + Z X;j)(50)

JET; JET;
=205(0) + Y 2i(0) +2(—1)"4pi(0)
JE€T;

_ 2(1 LT+ (—1)i+1)¢i(a).

Therefore, to show that the inner product is nonzero it is enough to show
that 7; is nonempty. First, p # 2, so £ = m/p? < m/2, implying that
te Jy=1T; if i € {1,2}. Now assume that i € {3,4}. Then m is even
and, since p is odd, it follows that ¢ = m/p? is even. In particular, £/2
is an integer. Since £/2 = m/2p? < m/2, we have £/2 € Jy/5 = T;. This
establishes the claim.

The preceding paragraph shows that the set T; is nonempty, so there
exists 7 € T;. By Theorem 2.6 we have dim VWXj = 2. Now the irreducible
character x; is a constituent of the character <I>il by Theorem 3.4, so Theorem

1
2.5 gives dim Vf" > 1. Therefore, by our claim above and because the inner

1
product is G-invariant, V;Di does not have an o-basis. Using Theorem 2.1 we
conclude that Vg1 does not have an o-basis and the proof of (i) is complete.

(ii) Let 1 <14 < 6/2. From Theorem 3.4 and then Theorem 3.3 we get
Z Xi = Z Qoz |JZ|SOZ2
jed; jed;

Since ®? vanishes on G\G (Theorem 1.1), it follows that Sg2 IS a nonzero
scalar multiple of s 2. In particular, Vg2 = V.2 and Vg has an o-basis if
and only if V,, 2 has an o-basis. Since V, 2 'has an o-basis if and only if either
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dimV =1or ¢ =0 mod 4, where ¢/ = £/ged(¢,7) | , Theorem 2.3],
the proof is complete. O

We now turn to a discussion of the symmetry classes associated with
Osima idempotents. This requires first a determination of the p-blocks of
G.

Put

1_ {i,xj,pt|1<i<n,je o}, ifp=2,

{Vi,xj, i |1 <i<2,5€ o}, ifp#2,

By ={i,xj, i [3<i<4,je Jyj2}  (m even),
Bl ={xj,¢?|j € i}, 1 <i< (/2

where 7 is 2 or 4 according as m is odd or even.

3.6 Theorem. If p does not divide |G|, then the p-blocks of G are the
singleton sets {x}, x € Irr(G). If p divides |G|, then the p-blocks of G are
B}, B, B? (1<i</(/2).

Note: The notation Bg is used to indicate that cpg is in the p-block and i is
the least index for which this is the case.

Proof. Tt has already been noted (Section 1) that if p does not divide |G|,
then each p-block of G is a singleton set as claimed.

Assume that p divides |G|. The following arguments use Theorem 3.3
repeatedly with no further mention.

Let B be the p-block of G containing (1.

Assume that p = 2. Then ¢); = ©1 for each 1 < i < n and Xj = 21 for
all j € Jp, so that B contains Bi. No ordinary irreducible character not
in B% has the property that its restriction to G has go% as a constituent, so
B = Bi.

Now assume that p # 2. Since p | |G| = 2m, we have p | m, so 1 </ <
m/2. Therefore, x; € Irr(G) and, since £ € Jy, we have Y, = @1 + 3. This
implies that B contains y, and hence ¢} as well. Now, i = ol (i =1,2)
and X; = ¢} + 3 for all j € Jy, so B contains Bf. No ordinary irreducible
character not in B} has the property that its restriction to G has either ot
or () as a constituent, so B = Bj.

Assume that m is even and let B be the p-block of G containing 3.
Then p # 2 and ¢ is even. Since p | |G| = 2m, we have p | m, so £ < m
and 1 < £/2 <m/2. Therefore, x;/5 € Irr(G) and, since £/2 € J;/5, we have
Xej2 = @i + ¢L. This implies that B contains X¢/2 and hence o) as well.
Arguing as in the preceding case, we get B = Bi.

Finally, let 1 <14 < ¢/2 and let B be the p-block of G containing gpg. For
each j € J; we have x; = gof, so B contains BZ~2. No ordinary irreducible
character not in Bi2 has the property that its restriction to G has go% as a
constituent, so B = Bi2 . This completes the proof. O
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3.7 Theorem. Let B be a p-block of G. If B contains a linear character,
then Vg has an o-basis. Otherwise, B = Bi2 for some 1 < i < £/2 and
VB has an o-basis if and only if either dimV =1 or £ = 0 mod 4, where
=10/ ged(l,1i).

Proof. Assume that B contains a linear character. Assume first that p does
not divide |G|. Then BNIrr(G) = {¢} for some linear ¢ € Irr(G), implying
sp is a nonzero scalar multiple of s,. In particular, Vp = V;,. Each orbital
subspace va has dimension either 0 or 1 and therefore has an o-basis, so
that Vp has an o-basis by Theorem 2.1.

Now assume that p divides |G|. Then B is either B} or B by Theorem
3.6. Assume that B = B{. Then

S DD DRI ) ) SRS pEvE] I

ce@@ x€BNr(G) ceG =1 J€Jo

where
_J4, if p=2and m is even,
2, otherwise

(see comment after the definition of sp in Section 1 about replacing G by

@). Tt follows from Table 1 that Y27 (o) = 0 and x;(0) = 0 for all

o € G\C and all j, so in the sum above we can replace o € Gbyoed.
Claim: For each 1 < ¢ < 6 we have 1/}7*‘0 = )\, where X is the trivial

character of C. When i € {1,2} this follows immediately from Table 1.
Suppose 6 = 4 and let i € {3,4}. Then p = 2 and m is even. Since m =
pll = 29¢ with ¢ odd, it follows that ¢ > 0. Therefore ¥;(r?") = (-1)%" =1
and since C' = (r?") and v; is a homomorphism, the claim follows.

For j € Jy, Theorem 3.3 gives

Xile = (201l = 2¢1)|e = 22
if p=2, and
Xile = (1 +@3)le = (Y1 + 2)| ¢ = 22
if p # 2. This, together with the above claim, shows that sp is a nonzero
scalar multiple of sy. In particular, Vg equals V). Since A is linear, V) has
an o-basis (by an argument similar to that in the first paragraph), so Vp

does as well.
Now assume that B = B%. Then

sp = |G\ Z Z o)+ Z 2x(0)| o.

oeG =3 J€J1/2

From Table 1 we see that 2?23 Yi(0) = 0 and x;(0) = 0 for all 0 € G\C
and all j, so in the sum we may replace o € G by o € C as before. Now
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for i € {3,4} we have v;|s = p, where p is the character of C given by
u(r¥) = (=1)*. And for a € Jy/5, Theorem 3.3 gives

Xile = (w3 + ei)le = (W3 +va)l e = 20

Therefore, sp is a nonzero scalar multiple of s,,. Since p is linear, we conclude
as in the preceding case that Vp has an o-basis.

Finally, assume that B does not contain a linear character. Then Theorem
3.6 gives B = B? for some 1 < i < £/2 (and this holds even if p does not
divide |G|, since then B = {x;} = B? for some 1 < i < m/2 = ¢/2). Now
BNhr(G) ={x;|Jj € Ji}, and for all j € J; we have Xx; = x; (Table 1) and
% = ¢? (Theorem 3.3), so

1 — 1
5= X S @ = g Y 2do,

ceGicdi ceC

which is a nonzero scalar multiple of s 2. In particular, Vp equals V2 and
the claim follows from | , Theorem 2.3]. O
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